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EXISTENCE OF THE DIRECTIONAL TANGENT CONE
TO A POSITIVE CURRENT
HAITHEM HAWARI, JAWHAR HBIL, AND NOUREDDINE GHILOUFI
Abstract. In this paper, we start by proving the existence of the strict
transform of a positive current T as soon as its jth currents, Tj , are
plurisubharmonics or plurisuperharmonics. Then, with a suitable con-
dition on Tj , we show the existence of the directional tangent cone to
T . In the particular case, when T is closed, we give a second condition
independent to the previous one.
Existence du coˆne tangent directionnel a` un courant positif.
Re´sume´. Dans la premie`re partie de cet article, on montre l’existence du
rele´vement d’un courant positif T , par un clatement de centre lisse, de`s
que ses je`me courants Tj soient plurisousharmoniques ou plurisurhar-
moniques. Ensuite, avec une condition supple´mentaire sur les courants
Tj , on prouve l’existence du coˆne tangent directionnel a` T . Dans le cas
particulier ou` T est ferme´, une deuxie`me condition inde´pendante de la
premie`re sera donne´e.
1. Introduction
We are interested to the problem of the existence of the strict transforms of
positive currents and the problem of the existence of the directional tangent
cones to positive currents. These two problems are closely related, especially
in the case of positive closed currents.
For the second problem, it is well known that the tangent cone to the cur-
rent of integration, over an analytic set, exists and coincides with the current
of integration over the geometric tangent cone. This result had been proved
by Thie in 1967 and King in 1971 . In the other side, Kiselman [8] in 1988,
gave an example of a positive closed current of bidegree (1, 1) which has not
a tangent cone. It is therefore natural to find a sufficient condition for its
existence. Based on the construction of Kiselman which use essentially the
projective mass of the current, Blel, Demailly and Mouzali [2] have given two
independent conditions where each one ensure the existence of the tangent
cone to a positive closed current. Recently, Haggui [7] has shown that one
of these conditions remains sufficient even for the case of positive plurisub-
harmonic currents. This result has been found and generalized by Ghiloufi
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and Dabbek [4] in the case of a positive plurisubharmonic (psh) or plurisu-
perharmonic (prh) current.
For the first problem, Giret [6] has given, in 1998, some estimates of the
projective mass of a positive closed current which allows him to give a suf-
ficient condition for the existence of a strict transform of a positive current.
Using Raby’s and Babouche’s works, [9, 1] on the problem of restriction
of a positive closed current on hypersurfaces, Giret gave a link between the
existence of directional tangent cone and the strict transform of this current.
The basic purpose of this work is to study the existence of the directional
tangent cone and the strict transform of positive psh or prh currents.
In the hole of this paper, we consider n, m, p ∈ N such that 0 < p < n.
We use (z, t) to indicate an element of CN := Cn × Cm containing 0. Let
Ω := Ω1 × Ω2 be an open subset of C
N and B be an open subset of Ω2.
We assume that there exists R > 0 such that {z ∈ Cn; |z| < R} × B
is relatively compact in Ω. For 0 < r < R and r1 < r2 < R, we set:
Bn(r) = {z ∈ Ω1; |z| < r}, Bn(r1, r2) = {z ∈ Ω1; r1 ≤ |z| < r2} and
Bm(r) = {t ∈ Ω2; |t| < r}.
To simplify the notation, we set βz := dd
c|z|2, βt := dd
c|t|2 and αz :=
ddc log |z|2.
Let T be a positive current of bidegree (p, p) on Ω. The directional Lelong
number of T with respect to B is defined, when it exists, as the limit,
ν(T,B) := limr→0+ ν(T,B, r) where ν(T,B, .) is the function defined by
ν(T,B, r) :=
1
r2(n−p)
∫
Bn(r)×B
T ∧ βn−pz ∧ β
m
t .
In the particular case m = 0, we omit B in previous notation and to make
a distinction, we note νT (r), νT (0) to indication respectively classical pro-
jective mass and Lelong number of T at 0.
The following lemma will be useful:
Lemma 1. ( Lelong-Jensen formula) (See [3]) Let S be a positive psh or
prh current of bidimension (q, q) on the ball Bn(R) of C
n with 0 < q < n.
Then for any 0 < r1 < r2 < R,
νS(r2)− νS(r1)
:=
1
r2q2
∫
Bn(r2)
S ∧ βqz −
1
r2q1
∫
Bn(r1)
S ∧ βqz
=
∫
Bn(r1,r2)
S ∧ αqz +
∫ r2
r1
(
1
s2q
−
1
r2q2
)
sds
∫
Bn(s)
ddcS ∧ βq−1z
+
(
1
r2q1
−
1
r2q2
)∫ r1
0
sds
∫
Bn(s)
ddcS ∧ βq−1z .
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According to Lemma 1, if S is a positive psh current then νS is a non-
negative increasing function on ]0, R[, therefore the Lelong number νS(0) :=
limr→0+ νS(r) of S at 0 exists.
For a positive prh current one has the following result:
Proposition 1. (See [5]) Let S be a positive prh current of bidimension
(q, q) on the ball Bn(R) of C
n, 0 < q < n. We assume that S satisfies the
condition (C0) given by
(C0) :
∫ r0
0
νddcS(s)
s
ds > −∞
for 0 < r0 < R. Then, the Lelong number νS(0) of S at 0 exists.
Proof. For 0 < r < R, we set
ΛS(r) = νS(r) +
∫ r
0
(
s2q
r2q
− 1
)
νddcS(s)
s
ds.
The function ΛS is well defined and non-negative on ]0, R[. In addition, by
the Lelong-Jensen formula, it’s easy to show that this function is increasing
on ]0, R[, hence the existence of the limit ℓ := limr→0+ ΛS(r). Condition
(C0) and the fact that (s
q/rq − 1) is uniformly bounded give
lim
r→0+
∫ r
0
(
s2q
r2q
− 1
)
νddcS(s)
s
ds = 0.
So, ℓ = limr→0+ ΛS(r) = limr→0+ νS(r) = νS(0). 
We end this part by recalling the Demailly’s Inequality which will be
useful in the proofs of various results in this paper:
If
S = 2−qiq
2
∑
|I|=|J |=q
SI,JdwI ∧ dwJ
is a positive (q, q)−current, then for all (λ1, ..., λn) ∈]0,+∞[
n we have
λIλJ |SI,J | ≤ 2
q
∑
M∈MI,J
λMSM,M
where λI = λi1 ...λiq when I = (i1, ..., iq) and the sum is taken over the set
of q−index MI,J = {M ; |M | = q, I ∩ J ⊂M ⊂ I ∪ J}.
2. Strict transform of a positive current
Let CN [{0} ×Cm] := {(z, g, t) ∈ Cn × Pn−1×Cm; z ∈ g} be the blow-up
of CN = Cn×Cm with center L := {0}×Cm and π : CN [{0}×Cm] −→ CN
be the canonical projection defined by π(z, g, t) = (z, t). Let T be a positive
current on CN . We try to find a positive current T̂ on CN [{0} × Cm] such
that π⋆T̂ = T ; a such current, if it exists, will be called the strict transform
of T . If m = 0, it was shown (See [4]) that this strict transform exists in the
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case of positive psh currents or positive prh currents satisfying Condition
(C0). That’s why we will consider the case m 6= 0. In this case Kiselman [8]
had shown that this strict transform may not exists. We try to find some
sufficient conditions on T to ensure the existence of its strict transform. We
define the current Tj as Tj :=
∫
Bm(σ)
T ∧ βm−jt for any integer 0 ≤ j ≤ m.
The current Tj is positive of bidimension (n− p+ j, n− p+ j) on C
n where
(p, p) is the bidegree of T . We assume that the currents Tj are psh or prh
satisfying Condition (C0), so the Lelong number νTj (0) of Tj at 0 exists; this
number will be called the jth Lelong number of T at 0.
Theorem 1. Let T be as above. Assume that for j ∈ J1 (resp. j ∈ J2), the
current Tj :=
∫
Bm(σ)
T ∧ βjt is plurisubharmonic (resp. plurisuperharmonic
satisfying Condition (C0)) for every σ > 0 where J1 ∪J2 = {0, ...,m}. Then
the strict transform of T exists. furthermore, there exists a constant c > 0
such that for every 0 < r < R, one has
||π⋆(T|ΩrL)||(π
−1[(Bn(r)r {0}) × Bm(σ)])
≤ c
m∑
j=0
(
|νTj (r)− νTj (0)| + C1(r)νTj (r)
)
− C2(r)
∑
j∈J2
∫ r
0
νddcTm−j (s)
s
ds.
where C1(r) =
∑N−p
k=1 r
2k and C2(r) =
∑N−p
k=0 r
2k
This Theorem generalizes a result of Giret where he considered the case
J2 = ∅ (all Tj are psh).
Proof. Let ω be the Ka¨hler form of CN [{0} × Cm]. We have:
(π⋆ω)
N−p = (βt + βz + αz)
N−p
=
N−p∑
k=0
CkN−p(βt + βz)
k ∧ αN−p−kz
=
N−p∑
k=0
CkN−p
min(m,k)∑
j=0
Cjkβ
j
t ∧ β
k−j
z
 ∧ αN−p−kz .
It is therefore sufficient to control the integrals:∫
Bn(ε,r)×Bm(σ)
T ∧ αN−p−kz ∧ β
k−j
z ∧ β
j
t
for any integers 0 ≤ k ≤ N − p, 0 ≤ j ≤ min(k,m) and 0 < ε < r.
For 0 ≤ k ≤ N − p and 0 ≤ j ≤ min(k,m), the Lelong-Jensen formula
applied to Tm−j ∧ β
k−j
z gives:
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(2.1) ∫
Bn(ǫ,r)×Bm(σ)
T ∧ αN−p−kz ∧ β
k−j
z ∧ β
j
t
=
1
r2(N−p−k)
∫
Bn(r)×Bm(σ)
T ∧ βN−p−jz ∧ β
j
t
−
1
ǫ2(N−p−k)
∫
Bn(ǫ)×Bm(σ)
T ∧ βN−p−jz ∧ β
j
t
−
∫ r
0
(
1
s2(j−k)
−
s2(N−p−j)
r2(N−p−k)
)
νddcTm−j (s)
s
ds
+
∫ ǫ
0
(
1
s2(j−k)
−
s2(N−p−j)
ǫ2(N−p−k)
)
νddcTm−j (s)
s
ds
= r2(k−j)νTm−j (r)−
∫ r
0
s2(k−j)
(
1−
s2(N−p−k)
r2(N−p−k)
)
νddcTm−j (s)
s
ds
−ǫ2(k−j)νTm−j (ǫ) +
∫ ǫ
0
s2(k−j)
(
1−
s2(N−p−k)
ǫ2(N−p−k)
)
νddcTm−j (s)
s
ds.
If j ∈ J1, Equality 2.1 gives∫
Bn(ǫ,r)×Bm(σ)
T ∧ αN−p−kz ∧ β
k−j
z ∧ β
j
t
≤ r2(k−j)νTm−j (r)− ǫ
2(k−j)νTm−j (ǫ)
+
∫ ǫ
0
s2(k−j)
(
1−
s2(N−p−k)
ǫ2(N−p−k)
)
νddcTm−j (s)
s
ds.
If j ∈ J2, Equality 2.1 gives∫
Bn(ǫ,r)×Bm(σ)
T ∧ αN−p−kz ∧ β
k−j
z ∧ β
j
t
≤ r2(k−j)νTm−j (r)− r
2(k−j)
∫ r
0
νddcTm−j (s)
s
ds
−ǫ2(k−j)νTm−j (ǫ) +
∫ ǫ
0
s2(k−j)
(
1−
s2(N−p−k)
ǫ2(N−p−k)
)
νddcTm−j (s)
s
ds.
Taking the limit when ǫ goes to 0, we deduce that the current π⋆(T|ΩrL)
has a locally finite mass in a neighborhood of points of E = π−1(L). More
precisely, there exists a constant c such that
||π⋆(T|ΩrL)||(π
−1{(Bn(r)r {0}) × Bm(σ)})
≤ c
m∑
j=0
(
|νTm−j (r)− νTm−j (0)| + C1(r)νTm−j (r)
)
−
∑
j∈J2
C2(r)
∫ r
0
νddcTm−j (s)
s
ds.
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Then the trivial extension T̂ of π⋆(T |ΩrL) by zero over π
−1(L) exists. The
current π⋆T̂ − T is C−flat of bidimension (n + m − p, n + m − p) on C
N
supported by {0} × Cm, hence it vanishes by the support theorem. 
Remark 1. Let T be a positive current with support in the stripe Ω1 ×
Bm(σ0).
(1) If T is plurisubharmonic then T has a positive strict transform.
(2) If T is plurisuperharmonic and Tj =
∫
Bm(σ0)
T ∧ βm−jt satisfy Con-
dition (C0), 0 ≤ j ≤ m, then T has a positive strict transform.
3. Directional tangent cone to a positive current
In this section we denote by Tj :=
∫
B T ∧ β
m−j
t where B is an open set of
C
m.
Definition 1. Let T be a positive current on an open set Ω of CN =
Cn × Cm. The directional tangent cone to T is the weak limit, if it exists,
of the family (ha
⋆T )a∈C as a → 0 where ha is the directional dilatation on
C
N defined by ha(z, t) = (az, t).
The main result of this paper is the following:
Theorem 2. Let T be a positive current of bidegree (p, p) on Ω. We assume
that for any integer 0 ≤ j ≤ min(m, p), the current Tj is psh (resp. prh
satisfying Condition (C0)) and∫ r0
0
|νTj (r)− νTj (0)|
r
dr < +∞.
Then the directional tangent cone to T exists.
We start by giving some results useful for the proof of this theorem.
Remark 2. Let T be as above and B an open set of Cm, then for all integer
0 ≤ j ≤ m, the current Tj is positive, of bidimension (n − p + j, n − p + j)
on Cn and one has:
h⋆aTj = (h
⋆
aT )j.
In fact, we can assume, without loss of generality, that T is C∞. Then
h⋆a
∫
B
T ∧ βm−jt = h
⋆
ap1⋆
(
T ∧ βm−jt |Cn×B
)
where
p1 : C
n × Cm −→ Cn × Cm
(z, t) 7−→ (z, 0).
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One has
h⋆ap1⋆
(
T ∧ βm−jt |Cn×B
)
= (h 1
a
)⋆p1⋆
(
T ∧ βm−jt |Cn×B
)
=
(
p1 ◦ h 1
a
)
⋆
(
T ∧ βm−jt |Cn×B
)
=
(
h 1
a
◦ p1
)
⋆
(
T ∧ βm−jt |Cn×B
)
= p1⋆
(
h⋆aT ∧ β
m−j
t |Cn×B
)
=
∫
B
h⋆aT ∧ β
m−j
t .

Lemma 2. Let T be a positive current of bidimension (p, p) on an open
set Ω of Cn × Cm. We assume that the current Tj is psh for j ∈ J1 and
prh satisfying Condition (C0) for j ∈ J2 where J1 ∪ J2 = {0, ...,min(m, p)}.
Then there exists c > 0 such that
(3.1)∫
Bn(r)×B
h⋆aT ∧ (βz + βt)
N−p
≤ Cr2(n−p)
min(m,p)∑
j=0
νTj(r0) +
∑
j∈J2
∫ r0
0
(
s2(n−p+j−1)
r
2(n−p+j−1)
0
− 1
)
νddcTj (s)
s
ds.

for |a|r ≤ r0.
Proof. For r > 0, we have∫
Bn(r)×B
h⋆aT ∧ (βz +βt)
N−p =
min(m,p)∑
j=0
CjN−p
∫
Bn(r)×B
h⋆aT ∧ β
n−p+j
z ∧ β
m−j
t .
Furthermore, if j ∈ J1 then νh⋆aTj (r) = νTj(|a|r) ≤ νTj (r0) for r ≤
r0
|a| ≤
min(1, r0|a|). It follows that:∫
Bn(r)×B
h⋆aT ∧ β
n−p+j
z ∧ β
m−j
t ≤ r
2(n−p+j)νTj (r0) ≤ r
2(n−p)νTj (r0).
If j ∈ J2 then using the proof of Proposition 1, we have
1
r2(n−p+j)
∫
Bn(r)×B
h⋆aT ∧ β
n−p+j
z ∧ β
m−j
t ≤ Λh⋆aTj(r) ≤ ΛTj (r0).
It follows that∫
Bn(r)×B
h⋆aT ∧ β
n−p+j
z ∧ β
m−j
t ≤ r
2(n−p)ΛTj (r0).
The result follows by summing on j from 0 to min(m, p). 
According to the previous lemma the mass h⋆aT converges in a neigh-
borhood of (0, t), then the sequence h⋆aT converges on C
N if and only if it
converges on a neighborhood of (z0, t) where z0 ∈ C
n
r {0}.
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Using a dilatation and changement of coordinates if necessary, we can as-
sume that (z0, t) = (0, ..., z
0
n, t) where
1
2 < |z
0
n| < 1. We use the projective
coordinates:
w1 =
z1
zn
, ..., wn = zn
T =
∑
I,J,K,L
TIJ,KLdwI ∧ dwJ ∧ dtK ∧ dtL
ha will be written as: ha : (w
′, wn, t) 7→ (w
′, awn, t). We check that the
coefficients T aIJ,KL of h
⋆
aT are given by:
T aIJ,KL =

TIJ,KL(w
′, wn, t) if n 6∈ I and n 6∈ J
a TIJ,KL(w
′, wn, t) if n ∈ I and n 6∈ J
a TIJ,KL(w
′, wn, t) if n 6∈ I and n ∈ J
|a|2 TIJ,KL(w
′, wn, t) if n ∈ I and n ∈ J
Lemma 3. Let U be a neighborhood of z0 ∈ C
n such that U×B ⊂ Bn(
1
2 , 1)×
B. If we note, for every integer 0 ≤ j ≤ m, by
γTj (r) = νTj (r)− νTj (r/2) and γddcTj(r) = νddcTj (r)− νddcTj (r/2)
then for |a| < r0, r0 < R, there exists C1, C2, C3 > 0 such that the measure
T aIJ,KL satisfies the following estimates:
∫
U×B
|T aIJ,KL| ≤

C1
C2
m∑
j=0
γTj (|a|) + γddcTj (|a|) if n ∈ I and n ∈ J
C3
 m∑
j=0
γTj (|a|) + γddcTj (|a|)

1
2
if n ∈ I or n ∈ J
Proof.
• The set U is compact and the positive form β is C∞, so one has:
β ≥ C4dd
c|w|2 on U . The inequality (3.1), with r = 1, implies:∫
U×B
T aM,M ≤ C5 . The Demailly’s inequality with the choice
λ1 = ... = λN = 1, gives∫
U×B
|T aIJ,KL| ≤ C6
∑
M∈MIJ,KL
∫
U×B
T aM,M ≤ C1.
The first estimate of the lemma is proved.
• To proof the second estimate, we observe that α ≥ C7β
′ on U with
β′ = ddc|w′|2. In fact, α = ddc log(1 + |w′|2) ≥
1
(1 + |w′|2)2
β′ ≥
1
4
β′
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on U . It follows that:∫
U×B
∑
n∈M
T aM,M =
∫
U×B
h⋆aT ∧ (dd
c|w′|2 + βt)
N−p
≤ C8
m∑
j=0
∫
U×B
h⋆aT ∧ β
m−j
t ∧ α
n−p+j
≤ C8
m∑
j=0
∫
Bn(1/2,1)×B
h⋆aT ∧ β
m−j
t ∧ α
n−p+j.
Using Lelong-Jensen formula for Tj =
∫
B T ∧ β
m−j
t , r2 = 1 and
r1 = 1/2, one has:
∫
Bn(1/2,1)×B
h⋆aT ∧ β
m−j
t ∧ α
n−p+j
≤ νTj (|a|)− νTj (|a|/2) −
∫ 1
1
2
(
1
t2p
− 1
)
t2p−1νddc(h⋆aTj)(t)dt
−
(
1
22p
− 1
)∫ 1
2
0
t2p−1νddc(h⋆aTj)(t)dt
≤ νTj (|a|)− νTj (|a|/2) −
∫ 1
1
2
νddcTj (|a|t)
t
dt+
∫ 1
0
t2p−1νddcTj (|a|t)dt
≤ (νTj (|a|)− νTj (|a|/2)) + C9(νddcTj (|a|)− νddcTj(|a|/2))
≤ C8γTj (|a|) + C9γddcTj(|a|).
Hence
∫
U×B
∑
n∈M
T aM,M ≤
m∑
j=0
C8γTj(|a|) + C9γddcTj (|a|).
The second estimate is proved for n ∈M .
In the general case, I, J ∋ n, using the Demailly’s inequality for
λ1 = ... = λN = 1, we obtain:
∫
U×B
|T aIJ,KL| ≤ C10
∑
M∈MIJ,KL
∫
U×B
T aM,M ≤ C2
m∑
j=0
(γTj (|a|) + γddcTj (|a|))
Hence we get The second estimate.
• For the third estimation, it suffices to assume that n ∈ I and n 6∈ J .
Using the Demailly’s inequality again with λk = 1 for every k 6= n
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and λn > 0, one has:
λn
∫
U×B
|T aIJ,KL|
≤ C11
∫
U×B
 ∑
n 6∈M∈MIJ,KL
T aM,M + λ
2
n
∑
n∈M∈MIJ,KL
T aM,M

≤ C12 + C13λ
2
n
m∑
j=0
(γTj (|a|) + γddcTj(|a|)).
The third estimate can be deduced by choosing
λn =
1 m∑
j=0
γTj (|a|) + γddcTj (|a|)

1
2
.

Lemma 4. (See [2]) Let f be a C2 function defined on the pointed disc
D∗(0, r0) ⊂ C. We assume that f is bounded and there exists a measurable
function u :]0, r0] → R
+ where
∫ r0
0 r| log r|u(r)dr < +∞ and |∆f(a)| ≤
u(|a|). Then f(a) has a limit when a goes to 0.
3.1. Proof of Theorem 2. The proof of the main theorem will be done in
the case of positive psh currents, the case of positive prh currents is similar
with some simple modifications, that’s why we assume that T is positive
psh. The lemma 3 shows that the mass of T aIJ,KL goes to 0 when n ∈ I or
n ∈ J.
For n 6∈ I = {i1, .., iq} and n 6∈ J = {j1, .., jq′}, let ϕ ∈ D(U ×B). We set
fIJ,KL(a) =
∫
U×B
T aIJ,KL(w, t)ϕ(w, t)dτ(w, t)
=
∫
U×B
TIJ,KL(w
′, awn, t)ϕ(w, t)dτ(w, t).
The function fIJ,KL is C
∞ on D⋆(0, R) := {a ∈ C; 0 < |a| < R} and bounded
in a neighborhood of 0. We have:
∂2fIJ,KL
∂a∂a
(a) =
∫
U×B
|wn|
2 ∂
2TIJ,KL
∂wn∂wn
(w′, wn, t)ϕ(w, t)dτ(w, t).
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We observe that the coefficients dwI∪{n} ∧ dwJ∪{n} ∧ dtK ∧ dtJ in the ex-
pression of ddcT is
(ddcT )I∪{n}J∪{n},KL
= (−1)q
′ ∂2TIJ,KL
∂wn∂wn
+
q∑
k=1
q′∑
s=1
(−1)q+s+k
∂2TI(k)J(s),KL
∂wik∂wjs
+
q′∑
s=1
(−1)s−1
∂2TIJ(s),KL
∂wn∂wjs
+
q∑
k=1
(−1)k−1
∂2TI(k)J,KL
∂wik∂wn
+
p−q∑
e=1
p−q′∑
e′=1
(−1)q
′+q+e′
∂2TI∪{n}J∪{n},KeLe′
∂tie∂tje′
+
p−q′∑
e′=1
(−1)e
′−q′
∂2TIJ∪{n},KLf
∂wn∂tje′
+
p−q∑
e=1
(−1)e
∂2TI∪{n}J,KeL
∂tie∂wn
.
with I(k) = I r {ik} ∪ {n}, J(s) = J r {js} ∪ {n}, Ke = K r {ie} et
Le′ = Lr {je′}. The previous equality gives:
∂2fIJ,KL
∂a∂a
(a)
= (−1)q
′
∫
U×B
|wn|
2
|a|2
(ddcT )aI∪{n}J∪{n},KLϕ(w, t)dτ(w, t)
+
q∑
k=1
q′∑
s=1
(−1)+q+q
′+1s+k
∫
U×B
|wn|
2
|a|2
T aI(k)J(s),KL
∂2ϕ
∂wik∂wjs
dτ(w, t)
+
q∑
k=1
(−1)k+q
′
∫
U×B
|wn|
2
a
T aI(k)J,KL
∂2ϕ
∂wik∂wn
dτ(w, t)
+
q′∑
s=1
(−1)s+q
′
∫
U×B
|wn|
2
a
T aIJ(s),KL
∂2ϕ
∂wn∂wjs
dτ(w, t)
+
p−q∑
e=1
p−q′∑
e′=1
(−1)q+e
′+1
∫
U×B
|wn|
2
|a|2
T aI∪{n}J∪{n},KeLe′
∂2ϕ
∂tie∂tje′
dτ(w, t)
+
p−q′∑
e′=1
(−1)e
′+1
∫
U×B
|wn|
2
a
T aIJ∪{n},KLe′
∂2ϕ
∂wn∂tje′
dτ(w, t)
+
p−q∑
e=1
(−1)e+q
′+1
∫
U×B
|wn|
2
a
T aI∪{n}J,KeL
∂2ϕ
∂tie∂wn
dτ(w, t).
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The lemma 3 gives:∣∣∣∣∂2fIJ,KL∂a∂a (a)
∣∣∣∣
≤ C1
m∑
j=0
γddcTj (|a|)
|a|2
+ C2
m∑
j=0
γTj(|a|) + γddcTj (|a|)
|a|2
+C3
m∑
j=0
√
γTj (|a|) + γddcTj (|a|)
|a|
≤ C
 m∑
j=0
γTj (|a|) + γddcTj (|a|)
|a|2
+
m∑
j=0
√
γTj (|a|) + γddcTj(|a|)
|a|

= Cψ(|a|).
According to lemma 4, the function fIJ,KL(a) has a limit at 0 if ψ satisfies∫ r0
0
r| log r|ψ(r)dr < +∞.
It’s easy to check that there is equivalence between∫ r0
0
m∑
j=0
γTj (r) + γddcTj (r)
r
| log r|dr < +∞
and ∫ r0
0
m∑
j=0
νTj(r)− νTj(0)
r
dr < +∞ &
∫ r0
0
m∑
j=0
νddcTj (r)
r
dr < +∞.
These conditions are exactly the assumptions of the main theorem. So we
conclude that
(3.2)
∫ r0
0
m∑
j=0
γTj (r) + γddcTj(r)
r
| log r|dr < +∞.
Using Cauchy-Schwarz’s Inequality, Equation (3.2) gives∫ r0
0
√
γTj (r) + γddcTj (r)| log r|dr
≤
(∫ r0
0
γTj (r) + γddcTj (r)
r
| log r|dr
)1/2
×
(∫ r0
0
r| log r|dr
)1/2
< +∞.
It follows that: ∫ r0
0
r| log r|ψ(r)dr < +∞
This completes the proof of the main theorem.
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3.2. Case of closed currents. In the case of positive closed currents, one
has a second condition which ensures the existence of the tangent cone, and
it is given by the following theorem, where we use the following lemma to
show it:
Lemma 5. (See [2]) Let g be a C1 function defined on the pointed disc
D
∗(0, r0). We assume that it exists a measurable function u :]0, r0] → R+
satisfying
∫ r0
0 u(r)dr < +∞ such that: |dg(a)| ≤ u(|a|). Then g(a) has a
limit when a goes to 0.
Theorem 3. Let T be a positive closed current of bidegree (p, p) on an open
set Ω of Cn × Cm. We assume that for all integer j ∈ [0,m] the current Tj
is closed and ∫ r0
0
√
νTj (r)− νTj (
r
2)
r
dr < +∞.
Then the directional tangent cone to T exists.
Proof. We set
fIJ,KL(a) =
∫
U×B
T aIJ,KL(w, t)ϕ(w, t)dτ(w, t)
=
∫
U×B
TIJ,KL(w
′, awn, t)ϕ(w, t)dτ(w, t).
By derivation under the integral sign one has:
∂fIJ,KL
∂a
(a) =
∫
U×B
wn
∂TIJ,KL
∂wn
(w′, awn, t)ϕ(w, t)dτ(w, t).
∂fIJ,KL
∂a
(a) =
∫
U×B
wn
∂TIJ,KL
∂wn
(w′, awn, t)ϕ(w, t)dτ(w, t).
The coefficient of dwI∪{n} ∧ dwJ ∧ dtK ∧ dtL in dT is given by
(−1)q
∂TIJ,KL
∂wn
+
∑
1≤k≤q
(−1)k−1
∂TI(k)J,KL
∂wik
+
∑
1≤e≤p−q
(−1)k−1
∂TI∪{n}J,KeL
∂tie
With I(k) = (I r {ik} ∪ {n}), and Ke = K r {ie}.
This coefficient vanishes because dT = 0 and one has
TIJ,KL(w
′, awn, t) = a
−1T aIJ,KL(w, t).
It follows that
∂TIJ,KL
∂wn
(w′, awn, t)
=
1
a
∑
1≤k≤q
(−1)k+q
∂T aI(k)J,KL
∂wik
+
1
a
∑
1≤e≤p−q
(−1)q+e−1
∂T aI∪{n}J,KeL
∂tie
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By substituting this relation in the integral one has
∂fIJ,KL
∂a and a by inte-
gration by parts we obtain:
∂fIJ,KL
∂a
=
1
a
∑
1≤k≤q
(−1)k+q−1
∫
U×B
wnT
a
I(k)J,KL
∂ϕ
∂wik
dτ(w, t)
+
1
a
∑
1≤e≤p−q
(−1)q+e−1
∫
U×B
wnT
a
I∪{n}J,KeL
∂ϕ
∂tie
dτ(w, t)
Naturally we have:
∂fIJ,KL
∂a
=
1
a
∑
1≤l≤q
(−1)l+q−1
∫
U×B
wnT
a
IJ(l),KL
∂ϕ
∂wil
dτ(w, t)
+
1
a
∑
1≤e′≤p−q′
(−1)q+e
′−1
∫
U×B
wnT
a
I∪{n}J,KLe′
∂ϕ
∂tje′
dτ(w, t)
The function ϕ and its derivatives are bounded on U × B. The lemma 3
gives the following estimate∣∣∣∣∂fIJ,KL∂a
∣∣∣∣+ ∣∣∣∣∂fIJ,KL∂a
∣∣∣∣ ≤ C1 1|a|
√√√√ m∑
j=0
γTj (|a|),
According to lemma 5, the function fIJ,KL has a limit at 0 and the directional
tangent cone to T exists. 
Remark 3. The tow conditions of Theorems 2 and 3 are independent as it
was shown in [2, rem 3.7].
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